We study the decuplet baryon magnetic moments in a QCD-based quark model beyond quenched approximation. Our approach for unquenching the theory is based on the heavy baryon perturbation theory in which the axial couplings for baryon -meson and the meson-meson-photon couplings from the chiral perturbation theory are used together with the QM moment couplings. It also involves the introduction of a form factor characterizing the structure of baryons considered as composite particles. Using the parameters obtained from fitting the octet baryon magnetic moments, we predict the decuplet baryon magnetic moments. The Ω − magnetic moment is found to be in good agreement with experiment: µ Ω − is predicted to be −1.97µ N compared to the experimental result of (−2.02 ± 0.05) µ N .
I. INTRODUCTION
The naive, nonrelativistic quark model (NQM), even though very simple in its formalism, is qualitatively good in describing the magnetic moments of the octet baryons. It fits the pattern and the general magnitude of the octet baryon moments up to 0.1µ N (nuclear magnetons) in average. The discrepancies between theoretical predictions and experimental data are due to the hadrons having an internal structure with a dynamically intricate properties that the NQM has not accounted for. Therefore, it is desirable to build a dynamical theory for the NQM.
In fact, the NQM can be derived from QCD using the Wilson loop approach [1] . By calculating the gauge invariant Green's function for a baryon interacting with an electromagnetic field and using well-defined approximations, such as the "quenched" approximation in which the internal virtual quark pair loops are not allowed and the minimal area law, we have derived the quark model for moments plus semi relativistic corrections associated with the binding of the quarks in the baryon. A test of this QCD-based QM by fitting the octet baryon moments showed that the theory failed to give any substantial improvement in the QM moments. The problem was identifed with the quenched approximation [1] .
To go beyond the quenched approximation, we have developed an loop expansion approach for the QCD-based QM and studied the octet baryon moments using our newly developed approach [2] . Our calculation is based on the heavy baryon perturbation theory in which the chiral baryon-meson couplings and the meson-meson-photon couplings from the chiral perturbation theory together with the QM moment couplings are used. It also involves the introduction of a single form factor characterizing the structure of the baryons considered as composite particles. The form factor reflects soft wave function effects with characteristic momenta at a scale λ ∼ 400 MeV, well below the chiral cutoff ∼ 1 GeV. We chose the strong interaction coupling constants in the chiral baryon-meson couplings to satisfy the SU(6) relations F = 2/3D, C = −2D, and H = −3D, with D = 0.75 as would be expected for the L = 0 QM states. Our theory is convergent and has only three free parameters, the effective quark moments µ u , µ s , and the wave function parameter λ. The last is constrained by theory and experiment. In contrast the usual approaches to magnetic moments through ChPT [4, 5, 6, 7] involve seven parameters in the description of the octet moments at one loop. If these parameters are used in fitting the seven measured octet moments, the effects of dynamical loop corrections appear only in the prediction for the Σ 0 Λ transition moment, where they are small [7] .
We found in [2] that combining the dynamical corrections from the loop expansion with those associated with the binding of quarks in baryon significantly improved the agreement between the theoretical and experimental values of the baryon magnetic moments. The average deviation from fitting the seven well-measured octet magnetic moments excluding the transition moment µ ΛΣ 0 , is 0.05µ N , a substantial improvement on the QM. We concluded that the loop expansion is an effective way of going beyond quenched approximation in the octet baryon magnetic moment problem.
In this paper, we study the decuplet baryon magnetic moments using the same method. Our way of evaluating the semi relativistic corrections associated with the binding of quarks in the baryon and the choice of the strong interaction coupling constants and the octetdecuplet mass difference are the same for both octet and decuplet. We can therefore evaluate the decuplet moments using the quark moments µ u , µ s , and the wave function parameter λ obtained in fitting the octet baryon moments, and predict the decuplet moments. In particular, the decuplet moment µ Ω − is predicted to be −1.97µ N compared to the experimental result of (−2.02 ± 0.05) µ N . The loop corrections are again small in comparison to the leading terms, and the contributions from the decuplet intermediate states are substantial in comparison to those from the octet intermediate states for some baryons.
The paper is organized as follows. Section II briefly describes loop expansion approach. An expression of the decuplet baryon magnetic moments are given in Sec. III, where some numerical results of calculating the decuplet baryon moments are also presented. The conclusions are given in Sec. IV. All the necessary formulae for the decuplet baryon moments can be found in the appendices.
II. LOOP EXPANSION APPROACH
Going beyond the quenched approximation in the QCD-based QM means that we have to develop an approach for studying the meson loop effects in the QCD-based QM. We also need to take the composite structure of the baryons into account. This is already included in the calculation of the QCD binding effects, but must also be included in the loop calculations. For that purpose, we introduce a single form factor characterizing the structure of the L = 0 baryons considered as composite particles. We base our loop calculations on heavy baryon perturbation theory (HBPT) and use, together with the QM moment couplings, chiral couplings for the low momentum couplings of mesons to baryons . That is, the couplings of the heavy baryon chiral perturbation theory (HBChPT) are used where chiral baryon-meson couplings and the meson-meson-electromagnetic field couplings are invoked, but the actual calculation of the loop graphs is modified with respect to [4] , [5] .
A. Definition of couplings
Chiral couplings
HBChPT, which has been used to study the hadronic processes of momentum transfers much less than 1 GeV, is well described in Refs. [8] . Let us consider a heavy baryon interacting with a low momentum meson. The velocity of the baryon is nearly unchanged when it exchanges some small momentum with the meson. Then, a nearly on-shell baryon with velocity v µ has momentum
where m B is the baryon mass, and k.v ≪ m B . The effective heavy baryon theory is written in terms of baryon fields B v with definite velocity v µ , which are related to the original baryon fields by [8] 
2)
The new baryon fields obey a modified Dirac equation,
The chiral Lagrangian for baryon fields depends on the pseudoscalar meson octet
which couples to the baryon fields through the vector and axial vector currents defined by
where f ∼ 93 MeV is the meson decay constant. We will retain, as shown above, only leading term in the derivative expansion. The lowest order chiral Lagrangian for octet and decuplet baryons is then
where δ is the decuplet-octet mass difference, and
is the covariant chiral derivative. B v is the usual matrix of octet baryons, and the T µ v are the decuplet of baryons. D, F , C, and H are the strong interaction coupling constants. The spin operator S µ v is defined in Ref. [3] . This Lagrangian defines meson-baryon couplings we will use.
The meson-meson-electromagnetic field couplings and the convection current interactions of the baryons are introduced into the Lagrangian by making a substitutions:
where A µ is the photon field.
QM moment couplings
In order to employ the techniques of HBPT, we need octet, decuplet, and decuplet-octet transition magnetic moment operators which give the corresponding QM moments. We can construct these using B v , T µ v , and the moment operator Q = diag (µ u , µ d , µ s ) [2] . For example, the QM decuplet magnetic moment operator is
where i, j, k, and l are SU(3) flavor indices. In a momentum space, after doing a calculation on the flavor indices, we find that this operator reproduces the QM decuplet moments
where q is the photon momentum and the spin dependent factor I is defined by
The T ′ 's are defined and the factor is evaluated in Appendix A using the heavy baryon spin structure states. Note that the decuplet T ′ 's are now having the Dirac, spin and Lorentz indices only, T ′ = T ′ µ α,λ . The Dirac index α and spin index are suppressed. The QM decuplet moments µ
The decuplet-octet transition magnetic moment operator is chosen as
which gives the decuplet-octet transition moments
that are the same as the QM results except for a change in sign of µ Σ * 0 Λ and µ Ξ * 0 Ξ 0 . This difference comes from a difference choice of the phases of the baryon fields, and does not affect to the calculations of the loop corrections for the baryon magnetic moments.
B. Meson Wave Function Effects -Form Factor
For investigating the meson wave function effects on the baryon moments, we introduce at each vertex with a meson line a form factor F (k, v) defined in the rest frame of the heavy baryon by
where k = (k 0 , k) is the 4-momentum of meson and λ is a parameter characterizing a natural momentum scale for the wave function, expected to be much below 1 GeV. The form factor defined as in Eq. (2.14) is normalized at chiral limit when k is set equal to zero. With the introduction of this form factor, all the Feynman integrals give finite contributions. We therefore have a convergent theory in which the counterterms characteristic of loop calculations in ChPT are no longer necessary. Our method for evaluating the Feynman integrals from the loop graphs ( Figs. 1 and 2 ) with the form factors inserted is as follows.
First, we rewrite the form factor (2.14) in terms of k µ and v µ as
Then, using the Feynman parametrization formula, we combine the factors in the denominator for the loop graph into a general form
where α and C are parameters independent of the integral variables k, and the vector V is any combination of v and the photon momentum q. At this point, by changing variables to
and choosing β = ± √ 1 + α − 1, we can get rid of the (k · v) 2 term in the denominator. Eq.(2.16) becomes
where the vectorṼ is also any combination of v and q. The Feynman integrals with the intergrands containing the denominators of this type are easily evaluated. Note that the Jacobian of the transformation of variables (Eq.(2.17)) is 1/ √ 1 + α.
III. DECUPLET BARYON MAGNETIC MOMENTS A. Theoretical expressions
The calculation of the loop graphs shown in Figs. 1 and 2 is straightforward. The main difficulty is in the calculation of the "group coefficients" that arise from the products of couplings. These algebraic calculations were done using Mathematica and checked with some group coefficients given in [9] . The results are given in Appendix B. We will only give the final expressions for the decuplet baryon magnetic moments. In units of nuclear magnetons, an expression of baryon moments is given by
where µ are given in [1, 2] from the loop graphs which are independent of the decuplet-octet mass difference δ = m 
and
, and the group coefficients β
, and L 2 (m X , δ, λ), which are the functions of the meson masses, the decuplet-octet mass difference δ, and the natural cutoff λ, are given in [2] . It is straightforward to get F (m X , −δ, λ), L 1 (m X , −δ, λ), and L 2 (m X , −δ, λ) from these expressions given, and such an example is shown in Appendix C. To have an idea which corrections come from which loop graphs ( Figs. 1 and 2) , it is necessary to know that β
are the group coefficients of the graphs 1a, 1b, 2a, 2b, 2c (or 2d), 2e and 2f, respectively.
B. Numerical results
Now we are ready to evaluate the decuplet baryon magnetic moments. As done in the octet moment case, the corrections ∆µ QM b from the QCD-based QM are calculated using the values of ǫ's and ∆'s given in [7] . Again, for the loop corrections, the coupling constants F , D, C, and H were chosen such that F + D = 1.25 ≈| g A /g V | ( g A and g V are the axial vector and vector coupling constants, respectively) and the SU(6) relations between the coupling constants F = 2D/3, C = −2D, and H = −3D are satisfied, as expected for L = 0 baryons. We also choose the decuplet-octet mass difference δ = 250 MeV and f π = 93 MeV, f K = f η = 1.2f π . The remaining three parameters µ u , µ s , and the natural cutoff λ are given the values that give the best fit in the octet moment case, namely µ u = 2.803µ N , µ s = −0.656µ N , and λ = 407 MeV.
We give our calculated values for the decuplet baryon magnetic moments, and the corresponding values from the NQM, in Table I and a detailed breakdown of the contributions of the loop integrals to the magnetic moments in Table II . We find that the predicted decuplet moment µ Ω − = −1.97µ N is in very good agreement with the experimental result of (−2.02 ± 0.05) µ N , and the theoretical value of µ ∆ ++ = 5.69µ N falls within the experimental range (from 3.7 to 7.5 in unit of nuclear magnetons)
As in the octet case, again we see that the loop contributions are small in comparison to the tree level or QM terms, that the contributions from the graphs involving the intermediate decuplet states (sum of the graphs 1a, 2a, 2c, 2d, and 2e) are substantial. For some baryons, those contributions are even larger than those from the graphs involving only the intermediate octet states.
IV. CONCLUSIONS
In this paper, we have extended our earlier calculations of the octet baryon moments in a QCD-based QM with loop corrections to include the decuplet baryon magnetic moments. We have predicted the decuplet moments using the input parameters obtained from studying the octet baryon moments. We find that our predicted decuplet moment µ Ω − is in very good agreement with its experimental value.
Again, we have shown that our loop approach for baryon magnetic moments in a QCDbased QM works. The loop corrections extend our QCD-based QM beyond the quenched approximation. The resulting theory describes the baryon magnetic moments much better than the NQM. It can fit the seven observed octet baryon magnetic moments up to about 0.05µ N in average magnitude, gives a result for the Σ 0 Λ transition moment consistent with experiment, and predicts µ Ω − very well. We hope that the other decuplet baryon moments predicted from our theory will be tested by the future experimental data.
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APPENDIX A: HEAVY BARYON SPIN STRUCTURE
In a rest frame of a spin- 3 2 baryon, the states | j, j z > of this baryon are specified by a vector e and a spin-
These states are satisfied the expected orthogonality and normalization properties. In terms of the vector-spinor functions T ′ = T ′ µ α,λ with α a Dirac spinor index and λ = j z a total spin index, the state | > is identified as
and so on. Consider the factor
that appears in Eq. (2.10). In the baryon rest frame T ′ µ = (0, T ′ ), while A = (0, A) for a pure magnetic field, then the factor I reduces to form
where B = i(A × q) is the magnetic field. By choosing the magnetic field along the e 0 direction, B = e 0 B, then it follows from (A1) and (A3)
Using (A1), we can check the validity of the following relation which is useful when evaluating some loop graphs
where S v is the spin operator.
APPENDIX B: THE GROUP COEFFICIENTS
In this appendix, the group coefficients are presented explicitly. For simplicity, the superscript (X) is suppressed. The group coefficients β b evaluated from the graphs 1a, up to a factor H 2 , are
for the pion loops,
for the kaon loops. The group coefficientsβ b evaluated from the graphs 1b, up to a factor C 2 , areβ
for the pion loops,β
for the kaon loops. The group coefficients γ 1 b evaluated from the graphs 2a, up to a factor 11H 2 /9, are
for the kaon loops, and
for the η loops. The coefficientsγ 1 b evaluated from the graphs 2b are given, up to a factor C 2 , as follows
for the η loops. The coefficientsγ 2 b evaluated from the graphs 2c (or 2d) are given, up to a factor 2CH/3, bỹ
for the η loops. The group coefficientsλ b evaluated from the graphs 2f, up to a factor C 2 , areλ
for the pion loopsλ
for the kaon loops, andλ 
for the η loops. 
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